Families of Conformal Fixed Points of N=2 Chern-Simons-Matter Theories by Chang, Chi-Ming & Yin, Xi
ar
X
iv
:1
00
2.
05
68
v2
  [
he
p-
th]
  1
2 M
ay
 20
10
Families of Conformal Fixed Points of
N = 2 Chern-Simons-Matter Theories
Chi-Ming Chang1,a and Xi Yin1,2,b
1Jefferson Physical Laboratory, Harvard University,
Cambridge, MA 02138 USA
2School of Natural Sciences, Institute for Advanced Study,
Princeton, NJ 08540 USA
acmchang@physics.harvard.edu, bxiyin@fas.harvard.edu
Abstract
We argue that a large class of N = 2 Chern-Simons-matter theories in three
dimensions have a continuous family of exact IR fixed points described by suitable
quartic superpotentials, based on holomorphy. The entire family exists in the
perturbative regime. A nontrivial check is performed by computing the 4-loop
beta function of the quartic couplings, in the ’t Hooft limit, with a large number of
flavors. We find that the 4-loop beta function can only deform the family of 2-loop
fixed points, and does not change the dimension of this family. We further present
an explicit computation of a perturbative correction to the Zamolodchikov metric
on this space of three-dimensional superconformal field theories.
1 Introduction
The Chern-Simons-matter (CSM) theories [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] provide a large
class of (super)conformal field theories in three-dimensions. It was pointed out in [3]
that even with given gauge group and matter content, the N = 2 CSM theory admits
a large number of exact infrared fixed points, at least in the perturbative regime. In
this paper, we make a very simple extension of the argument of [3] to show that in
fact an entire continuous family of exact conformal fixed points exist; they are given
by N = 2 CSM theory with appropriate quartic superpotentials.
Our general argument will be based on holomorphy of the effective superpotential,
and promoting superpotential coefficients to dynamical chiral fields a la Seiberg [13].
An explicit 4-loop check will be performed. We find nontrivial cancelation of certain
components of the 4-loop beta functions, consistent with the claim that the family of
two-loop IR fixed points survive to all loop order (the precise RG fixed point locus may
be deformed by higher loop effects).
While in a general N = 2 CSM theory, the U(1)R charge of the matter fields can be
renormalized, there is no anomalous U(1)R charge along the continuous family of fixed
points. With appropriate choices of matter content, one special point in this family
is the N = 3 CSM theory. One moves along the family by turning on quartic chiral
primary deformations of the superpotential. On this space of superconformal CSM
theories, there is a natural notion of metric – the Zamolodchikov metric [18]. We will
consider the example of N = 2 U(N) CSM theory withM adjoint matter fields. At the
leading nontrivial order, the family of fixed points modulo the U(M) flavor symmetry
(the quotient space denoted by M) is given by a symplectic quotient of the linear
complex vector space V of all quartic superpotential coefficients, and the metric is the
natural one associated with the symplectic form. We will compute the next-to-leading
order perturbative correction to this metric in the ’t Hooft limit. It will turn out that
the moduli space M is a symplectic quotient defined by a deformed symplectic form
on V . However, the corrected Zamolodchikov metric, while still Ka¨hler, is different
from the one induced from the symplectic quotient.
In the next section, we will present the non-renormalization argument. Section
3 discusses the check via the 4-loop beta function, with details of the computation
in Appendix A and B. While one may perform the computation using supergraph
techniques, we found it more convenient to work with ordinary Feynman diagrams in
component fields, utilizing the “graphical rules” described in Appendix B. Section 4
studies the perturbative Zamolodchikov metric on the space of fixed points. The details
of the computation of the metric are given in Appendix C and D. We summarize the
results and conclude in section 5.
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2 A non-renormalization theorem
Let us start by considering the example of N = 2 Chern-Simons-matter theory with
U(N) gauge group and M adjoint flavors. k will denote the Chern-Simons level. For
convenience, we will be mostly working in the ’t Hooft limit, i.e. N, k → ∞ with
λ = N/k fixed and treated perturbatively. This is a natural limit to consider, having
in mind the holographic dual. Most of our arguments here can be straightforwardly
generalized to finite N . The chiral matter superfields are denoted Φi, with the flavor
index i = 1, · · · ,M . We will consider a general quartic (single trace) superpotential,
W =
1
4
∑
i,j,k,l
αijklTr(ΦiΦjΦkΦl). (2.1)
As argued in [3], the theory with W = 0 is a superconformal field theory, in which
the matter field Φi acquires a quantum corrected U(1)R charge, JΦ =
1
2
+O( 1
k2
). Our
normalization convention for the U(1)R charge J is such that the unitarity bound on
the scaling dimension of an operator of charge J is ∆ ≥ J . This bound is saturated by
chiral primaries. In the W = 0 theory, every chiral operator is also a chiral primary.
Nevertheless, the chiral primaries still acquire anomalous dimensions, which are equal
to their anomalous U(1)R charges. Therefore, the operator Tr(ΦiΦjΦkΦl) has dimen-
sion 4JΦ at the origin of the space of α’s. It was argued and also shown in explicit
computation in [3] that JΦ <
1
2
, i.e. W = 0 is an unstable fixed point. Further, the
beta function for αijkl (defined by normalizing the kinetic term for Φi’s) up to two-loop
order takes the form
µ
dαijkl
dµ
= (4JΦ − 2)αijkl +
1
4π2
B(i
rαrjkl) + higher loop (2.2)
where (ijkl) stands for cyclic symmetrization. Bi
j = 1
2
N2αiklmα
jklm comes from the
two-loop wave function renormalization in the corresponding Wess-Zumino model (ob-
tained by decoupling the Chern-Simons gauge field).
Starting with the superpotential (2.1) in the UV, we can consider the Wilsonian
effective action, of the form
SN=2CS (V ) +
∫
d3x
∫
d4θK(Φi,Φi, V ) +
∫
d3xd2θ
∑
fijkl(k)αijklTr(ΦiΦjΦkΦl) + c.c.
(2.3)
For now we are working in the ’t Hooft limit, and hence the multi-trace operators
are ignored in the effective action. Note however that our argument will go through
even with multi-trace operators included. In particular, the effective superpotential
only contains the quartic terms as in the classical superpotential. This follows from
holomorphy of the effective superpotential in Φi and the U(1) R-symmetry. Note that
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unlike in four-dimensional gauge theories [13, 16], here there is no anomaly in the global
U(1) symmetries, nor a dynamically generated scale, to allow for non-perturbatively
generated superpotentials. Further, by promoting αijkl to dynamical chiral fields, one
sees that the effective superpotential is also holomorphic in αijkl. By assigning an R-
symmetry1 charge 2 to αijkl, 1 to θ (and −1 to θ¯), and 0 to Φi’s, we conclude that the
effective superpotential must be linear in αijkl, and that the superpotential coefficient
can only be renormalized by the Chern-Simons coupling 1/k.2 As pointed out in [3],
such corrections will occur in general, since one cannot promote the Chern-Simons level
k to a dynamical field without breaking gauge symmetry.
After normalizing the two-derivative kinetic term for Φi in the Ka¨hler potential, we
see that the quantum correction to αijkl amounts to an anomalous dimension for the
operator Tr(ΦiΦjΦkΦl) together with a wave function renormalization. So, in fact, we
expect
µ
dαijkl
dµ
= (4JΦ(k)− 2)αijkl +
1
4π2
B(i
rαrjkl) (2.4)
to hold exactly, for someBi
j(α, α, k) = 1
2
N2αiklmα
jklm+(higher order terms in 1/k, α, α¯).
Here αijkl are considered to be of the same order as 1/k, as is the case along the W 6= 0
two-loop fixed point loci. JΦ(k) is the quantum corrected U(1)R charge of Φi in the
W = 0 theory, which is a function of k only.3 We then conclude that the IR fixed
points, up to the global flavor symmetry U(M), is parameterized by the quotient space
M =
{
αijkl : Bi
j = c δji
}
/U(M) (2.5)
where c = 4π2(2 − 4JΦ) > 0. Denote by V the linear vector space of all αijkl’s. M
is generally a deformation of the standard symplectic quotient V//U(M) by the ’t
Hooft coupling λ = N/k. We will revisit the geometry of M in section 4. When
M = 2n is even, one point on M is given by the N = 3 CSM theory with n adjoint
hypermultiplets.
So in the perturbative regime, the IR fixed points of the N = 2 U(N) CSM with
M adjoint matter fields are given by the W = 0 fixed point together with the fixed
point manifold M (up to the U(M) flavor symmetry). The tangent directions of M
are in 1-1 correspondence with quartic chiral primary operators.4 It then follows that
1This R-symmetry is not to be confused with the U(1)R of the superconformal algebra.
2One may worry about the linear mixing of αijkl with say αilkj , which is consistent with the U(M)
flavor symmetry. However, this is not possible because TrΦ4 would be a chiral primary in the W = 0
theory, and therefore do not mix with one another at leading order in α.
3If we did not have the U(M) flavor symmetry, of course, the Φi’s may have different anomalous
U(1)R charges depending on their representation content, in the W = 0 theory.
4More precisely, the tangent vectors along the fixed point loci in V (before quotienting by U(M))
are a linear combination of the quartic chiral primaries and the scalar operators in the supermultiplet
of the U(M) flavor currents.
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the U(1)R-charge of Φi along M is given exactly by J =
1
2
, in contrast to JΦ <
1
2
at W = 0. When the number of flavors M is even, the non-renormalization of U(1)R
charge is well known at the N = 3 point on M. Now we conclude that this property
continues to hold even when one deforms marginally away from the N = 3 point. At a
given point onM with superpotential W , the chiral operators of the form Tr(Φi∂jW )
are descendants, and are transverse to the IR fixed point manifold in V . On the other
hand, the explicit expressions of the quartic chiral primaries are dependent on k, and
can be determined by looking at the tangent directions of M. We will return to this
in section 4.
Let us comment that the holomorphy argument above applies only to the Wilso-
nian effective action and not to the 1PI effective action [16, 17]. This is because in
the 1PI effective action, where massless modes are integrated out, nonlocal terms may
be generated in the Ka¨hler potential such that when one replaces the spurious chi-
ral fields by their expectation values αijkl, the term looks like a superpotential term
with non-holomorphic dependence on αijkl (see [15]). In computing higher loop con-
tributions to the beta function, the result from 1PI RG and Wilsonian RG may differ,
depending on renormalization schemes. Nevertheless, the dimensionality of the loci of
IR fixed points in the space of couplings αijkl clearly should not depend on the choice
of renormalization group. The Chern-Simons gauge field may appear subtle from the
perspective of Wilsonian RG. On one hand, the gauge fields are effectively infinitely
massive and have no propagating degrees of freedom; on the other hand, they give rise
to long range interactions, which may be thought of as a non-abelian generalization of
the anyon statistics of the matter fields. In principle, they must be treated carefully,
using the regularization of [14] which cuts off the momenta in a way that preserves
supersymmetry and gauge symmetry manifestly. This is achieved, for instance, by
replacing the Chern-Simons gauge super-propagator in N = 2 superspace by∫ ∞
0
dτf(Λτ)e−τDD¯δ7(z) (2.6)
for some function f(τ) that vanishes (as well as its derivatives to all orders) at τ = 0,
and approaches 1 at τ =∞. Here δ7(z) ≡ δ3(x)δ4(θ), and we did not take into account
gauge fixing. If we are to integrate out a momenta shell from Λ to Λ + δΛ, we may
replace the regularized propagator by
δΛ
∫ ∞
0
dτ τf ′(Λτ)e−τDD¯δ7(z) = −
δΛ
Λ
∫ ∞
0
dτf(Λτ)∂τ
[
τe−τDD¯
]
δ7(z) (2.7)
With the choice f(τ) = θ(τ − 1), this is simply δΛ
Λ2
e−
DD¯
Λ δ7(z).
It is straightforward to generalize the non-renormalization argument to N = 2
CSM theories with any gauge groups and any matter representation content. The
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renormalization of the quartic superpotential coefficients, or Yukawa couplings, can
be entirely absorbed into wave function renormalization. In particular, the a priori
nontrivial k-dependent renormalization of the superpotential coefficients are entirely
due to the anomalous dimensions of the chiral matter fields in the W = 0 theory. The
“generic branch” of conformal fixed points are described by
Bi
j(α, α, k) = 16π2
[
1
2
− Ji(k)
]
δji (2.8)
where Bi
j(α, α¯, k) = (BWZ)i
j(α, α¯)+O(1/k2). Here BWZ represents the wave function
renormalization in the corresponding Wess-Zumino model, and Ji(k) is the quantum
corrected U(1)R charge of the field Φi in theW = 0 theory. For general matter content,
there may also be non-generic branches of IR fixed points, where some of the α’s set
to zero, and (2.8) only needs to be satisfied for a subset of Φi’s.
3 A 4-loop check
In the previous section we have given a holomorphy argument that the manifold of
two-loop IR fixed points survives to all-loop order. That is, while the loci of the family
of two-loop fixed points in V may be deformed by higher loop effects, the dimension
of the family remains unchanged. This is not at all obvious from the perspective of
1PI RG. In the 1PI effective action, a priori, there are terms that could potentially
contribute to the beta function of αijkl in the form
βijkl = β
2−loop
ijkl +
C
k2
α(ijmnα¯
mnpqαpqkl) + · · · (3.1)
where we exhibited one possible 4-loop contribution. C is a constant coefficient that
generally depends on M and N . Such a 4-loop contribution cannot be absorbed into
the wave function renormalization of the matter fields. If C is nonzero, the family of
two-loop fixed points will further flow to a submanifold of lower dimension (possibly
discrete points). While the higher loop beta function in 1PI RG may not agree with
that of the Wilsonian RG in general, the dimensionality of the loci of IR fixed points
should not depend on which RG we use. Therefore we expect the higher-than-two-loop
contributions such as the second term on the RHS of (3.1) to vanish. We will now
check this explicitly at 4-loop order.
We will make a few simplifying assumptions. Firstly, we shall work at the planar
level. We expect the same conclusion to hold with non-planar diagrams included as
well, but the computation would be more complicated. (Having in mind the holo-
graphic dual, the planar limit is interesting on its own.) Secondly, we will take the
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number of flavors, M , to be parametrically large, and start by looking at the leading
nontrivial contribution in the large M limit. This reduces the number of diagrams
drastically. The subleading 1/M contributions involve many more diagrams, whose
explicit computations are not consider in the current paper.
At the planar level, the potential contributions to the effective superpotential that
cannot be absorbed into wave function renormalization take the general form
(c1M + c2)
4π2
k2
N4αijmnα¯
mnpqαpqklTr
(
ΦiΦjΦkΦl
)
(3.2)
where c1 and c2 are constants. To see this, let us examine the diagrams. While we
will perform the computation using ordinary Feynman diagrams in component fields,
it is convenient to organize them using N = 2 supergraphs. Our notation is explained
in Appendix A. In a supergraph that contributes to (3.2), the F-term vertices are
contracted according to the following structure:
The non-abelian N = 2 CS action minimally coupled to chiral fields can be written in
N = 2 superspace as
SD =
∫
d3x
∫
d4θ
{
k
2π
∫ 1
0
dtTr
[
V D¯α
(
e−tVDαe
tV
)]
+
∑
i
Φ¯ie
VΦi
}
(3.3)
In Wess-Zumino gauge, the D-term supervertices involve the cubic interactions of the
super gauge fields and the standard minimal coupling to matter fields, as described
in Appendix A. These D-supervertices can be attached to the above graph to form a
4-loop diagram that contribute to the beta function. Some examples are
In the limit of large M , the third diagram dominates the first two, due to the factor M
coming from the matter-loop-corrected vector superfield propagator. For now, we will
consider this limit and ignore diagrams such as the first two above. In other words, we
will be computing c1 but not c2 in (3.2). There are only three types of planar 4-loop
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supergraphs that contribute to c1, given by
(a) (b) (c)
(3.4)
Let us note that planarity forbids contributions to terms proportional to αijmnα¯
mpnqαpqkl
or αijmnα¯
mqnpαpqkl in the beta function. Similarly, in the beta function for αijkl, pla-
narity only allows the term αijmnα¯
mnpqαpqkl with the indices {i, j, k, l} appearing in
cyclic order.
In component fields, the super gauge field propagator involves the vector gauge field
as well as the auxiliary fields D, σ, χ. The latter can be integrated out to give quartic
scalar-fermion vertices and sextic scalar vertices (not used here). These diagrams are
computed explicitly in Appendix A. The coefficient c1 is
c1 =
1
2
(a + b+ c) (3.5)
where a, b, c are constants computed from the three supergraphs (a), (b), (c) listed
above. We find
a = c =
1
256π2
, b = −
1
128π2
, (3.6)
and they indeed sum up to zero. We note however that the individual supergraph
contribution does not vanish, and so c1 = 0 here is a consequence of cancellation
among different supergraphs in the 1PI RG.
4 The metric on M
The manifold M, defined as the W 6= 0 IR fixed points in V modulo U(M) flavor
symmetry, is naturally equipped with a Zamolodchikov metric. The metric is defined by
the coefficient of the two-point function of quartic chiral primaries and their conjugates
that parameterize the tangent directions ofM. In particular, the geometry of M will
generally depend on the ’t Hooft coupling λ. We expect the generic CSM theory to
have a holographic dual, which may or may not have a gravity limit at strong ’t Hooft
coupling.5 Heuristically, had there been a gravity dual say of the form M-theory on
5The theories with a large number of adjoint flavors, in particular, are expected to only have a
stringy holographic dual. This is because the number of chiral primaries grow exponentially with the
dimension, which cannot happen in a supergravity theory compactified to AdS4.
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AdS4 × M7, M7 being the base of a Calabi-Yau 4-fold cone, then the analog of the
manifold M at strong ’t Hooft coupling would be the moduli space of this CY 4-
fold cone.6 The geometry of M at strong ’t Hooft coupling is difficult to understand
from the field theory perspective. In this section, we will investigate the perturbative
corrections to the Zamolodchikov metric on M.
We may write the W 6= 0 IR fixed point locus as
µi
j(α, α, k) = r(k)δji (4.1)
Here µi
j is proportional to Bi
j, with a possibly k-dependent normalization factor for
later convenience. So, r(k) is not necessarily the same as 1
2
− J(k). Up to two-loop
contribution, and in the limit of large M , we have r(k) = M(4piN
k
)2+ · · · . Its precise k
dependence is not important for our purpose. The tangent directions δαijkl = cijkl are
determined by
cmnpq
∂
∂αmnpq
µi
j(α, α, k) = 0, ∀i, j. (4.2)
The quartic chiral primaries are then given by Oc =
∑
cmnpqTr(φmφnφpφq) for such c.
The two-point functions of a quartic chiral primary and an anti-chiral primary, in the
SCFT corresponding to a point on M, take the form
〈Oc(x)Oc′(0)〉 =
g(c, c¯′)
|x|4
. (4.3)
where the coefficient g(c, c¯′) is the Zamolodchikov metric.
To begin, let us examine the IR manifold M at two-loop order. The leading con-
tribution to the Zamolodchikov metric is simply given by the free correlator,
g(0)(c, c¯′) =
∑
cmnpqc¯
′mnpq. (4.4)
It is the standard Euclidean metric on the space of αijkl’s, corresponding to the sym-
plectic form
ω(0) = dαmnpq ∧ dα¯
mnpq. (4.5)
The metric onM at the leading order is the one induced from the symplectic quotient
by the flavor symmetry U(M).
At the next-to-leading order, we must consider the 4-loop-corrected IR manifold
M, as well as the two-loop contributions to the two-point functions of the quartic
chiral primaries. With the 4-loop contributions taken into account, µi
j takes the form
µi
j = N2αimnpα¯
jmnp + a1N
4
(
αimnkα¯
mnpqαpqrsα¯
rskj + αkmniα¯
mnpqαpqrsα¯
rsjk
)
+ higher order.
(4.6)
6See [19, 20, 21, 22, 23] for recent work on such theories.
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Here the constant a1 is simply given by the 4-loop wave function renormalization in
the Wess-Zumino model. All other 4-loop corrections to Bi
j will be proportional to the
first term in (4.6) and are subleading in 1/k2; they can be absorbed by a rescaling of
µi
j and r(k) in (4.1). µi
j is in fact a moment map associated with the symplectic form
ω = N2dαmnpq ∧ dα¯
mnpq + 4a1N
4αrsijα¯
pqijdαmnpq ∧ dα¯
mnrs + higher order terms.
(4.7)
By definition, given the U(M) action as a vector field on V
vi
j = αimnp
∂
∂αjmnp
− α¯jmnp
∂
∂α¯imnp
, (4.8)
we have dµi
j = ιvijω, where ι stands for the contraction with a vector field.
Generally, the two-loop correction to the two-point function of the quartic chiral
primaries takes the form
g(c, c¯′) = f(k)cmnpqc¯
′mnpq + a2N
2cijmnα¯
mnpqαpqrsc¯
′rsij + a3N
2cimnpα¯
mnpqαqrstc¯
′rsti,
(4.9)
where f(k) = 1 + O(1/k2), a2, a3 are constants. cijkl is constrained to be tangent to
the IR manifold, in particular, cimnpα¯
mnpq = O(c/k3) from the two-loop constraints.
So we can ignore a3 in the expression for g(c, c¯
′). The coefficient a1 is computed in
Appendix C, and a2 is computed in Appendix D. We find that
a1 = −
1
128
, a2 = −
1
16
. (4.10)
Therefore, the Zamolodchikov metric with the next-to-leading correction included takes
the form
g(c, c¯′) = f(k)cmnpqc¯
′mnpq −
N2
16
cijmnα¯
mnpqαpqrsc¯
′rsij + · · · (4.11)
whereas αijkl’s are constrained by
µi
j = N2αimnpα¯
jmnp −
N4
128
(
αimnkα¯
mnpqαpqrsα¯
rskj + αkmniα¯
mnpqαpqrsα¯
rsjk
)
+ · · ·
= r(k)δi
j
(4.12)
We note that due to a factor of 2 difference in the second term, g(c, c¯′) is not the same
as the natural symplectic metric on the quotient space M = V//U(M) defined using
the symplectic form ω. Nevertheless, g(c, c¯′) is the restriction of a Ka¨hler metric on the
ambient space V to the level set µ−1(r(k)δji ); it follows easily that the Zamolodchikov
metric onM is also Ka¨hler, at least to the order we have computed, even though it is
not the same as the Ka¨hler metric induced from the symplectic quotient. We will now
sketch an argument that the metric on M is Ka¨hler to all order.
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The variation of the metric along a tangent direction corresponding to a chiral
primary Oc′′ is
δc′′g(c, c¯
′) = |x|4
〈
Oc(x)
[∫
d3yQ2 · Oc′′(y)
]
Oc¯′(0)
〉
(4.13)
The statement that g is Ka¨hler amounts to δc1g(c2, c¯3) = δc2g(c1, c¯3), for chiral primaries
c1, c2, c3. Let us study the correlation function
F (c1, c2, c¯3; x, y, z) = 〈Oc1(x)
[
Q2 · Oc2(y)
]
Oc3(z)〉 (4.14)
Q2 ·Oc2 is a primary with respect to the bosonic conformal algebra. Apart from poten-
tial contact terms, the spatial dependence of the three-point function of the primaries
as above are fixed by conformal symmetry, to be |x−y|−3|y−z|−3|x−z|−1. On the other
hand, by Ward identity, we can move Q2 from acting on Oc2(y) to acting on Oc1(x),
and conclude that F (c1, c2, c¯3; x, y, z) = F (c2, c1, c¯3; y, x, z). This is inconsistent with
the naive spatial dependence determined by conformal symmetry, which implies that
F must vanish up to contact terms.
Indeed, there are such contact terms. We can explicitly compute F (c1, c2, c¯3; x, y, z)
in perturbation theory. To leading nontrivial order, this is computed by the same
diagrams as in Appendix D, interpreted as a three point function rather than a two-
point function. It is given by
F (c1, c2, c¯3; x, y, z)
∼ (c1)ijkl(c2)mnpq c¯
ijmn
3 α¯
klpq 1
|x− z|2|y − z|2
∫
d3w
1
|x− w|2|y − w|4
+ higher order.
(4.15)
The integration over w naively gives zero by analytic continuation in the exponents of
the propagators. If we first integrate the integrand multiplied by a generic function of
x over x, and then integrate over w, we see that∫
d3w
1
|x− w|2|y − w|4
= −
π
4
δ3(x− y). (4.16)
This gives the contact term in F (c1, c2, c¯3; x, y, z). With higher order contributions
included, on dimensional grounds we expect F to take the form
F (c1, c2, c¯3; x, y, z) =
f(c1, c2, c¯3)
|x− z|4
δ3(x− y). (4.17)
where f(c1, c2, c¯3) is symmetric in c1 and c2 by the Ward identity argument above. The
closure of the Ka¨hler form associated with g(c, c¯′) then follows.
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Coming back to (4.12), we may also perform a nonlinear redefinition of the coupling
αijkl,
α˜ijkl = αijkl −
N2
256
(αlimnα¯
mnpqαpqjk + αijmnα¯
mnpqαpqkl)
= αijkl −
N2
128
α(ijmnα¯
mnpqαpqkl)
(4.18)
where (ij · · · kl) stands for cyclic symmetrization on the indices {i, j, k, l}, such that
the moment map reduces to the standard one
µi
j(α˜, ¯˜α) = N2α˜imnp ¯˜α
jmnp + (6− loop and higher order) (4.19)
The tangent space basis vectors are now modified to
c˜ijkl = cijkl −
N2
128
[
2α(ijmnα¯
mnpqcpqkl) + α(ijmnc¯
mnpqαpqkl)
]
(4.20)
They satisfy c˜imnp ¯˜α
jmnp = 0 up to 6-loop contributions. The metric in the new coordi-
nate system is written
g(c˜, ¯˜c; c˜′, ¯˜c′) = f(k)c˜ijkl¯˜c
′ijkl
−
N2
32
(
c˜ijmnα¯
mnpqαpqrs¯˜c
′rsij
−
1
4
αijmnαpqkl¯˜c
ijkl¯˜c′mnpq −
1
4
α¯ijmnα¯pqklc˜ijklc˜
′
mnpq
)
+ · · · .
(4.21)
Due to the non-holomorphic change of coordinates, the metric is not Hermitian in this
new coordinate system on M.
So far we have focused on the chiral primaries Oc = cijklTrφiφjφkφl which give rise
to deformations along the IR fixed point loci µ−1(r(k)δji ) ⊂ V . In addition, there are
the U(M) rotation on the αijkl’s, corresponding to the tangent vectors vi
j . As exactly
marginal deformations of the action, they can be written in terms of the operators
Vi
j = i
∫
d2θTr
(
Φj
∂W
∂Φi
)
+ c.c.
= i
∫
d2θ
∑
m,n,p
αimnpTr(Φ
jΦmΦnΦp) + c.c.
(4.22)
The Vij’s lie in the same supermultiplet as the U(M) flavor current.
Let us examine the quartic non-primary chiral operators Oij = Tr
[
φj ∂
∂φi
W (φ)
]
more closely. While classically it is a descendant, the precise form of the descendant
operator receives quantum corrections. This can be seen as follows. In general, Oij may
be the linear combination of a purely descendant operator O˜ij with a chiral primary.
O˜i
j is the one orthogonal to all quartic chiral primaries. Namely, the corresponding
tangent vector of the IR manifold v˜ji satisfies
g(v˜i
j, c¯) = 0 (4.23)
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for all chiral primaries Oc. On the other hand, since Oc is tangent to the level set of
µi
j, we have
ω(vi
j , c¯) = 0. (4.24)
We have seen that the next-to-leading order perturbative correction to g does not agree
with that of ω, which implies that v˜i
j is different from vi
j . In fact, demanding (4.23)
gives
O˜i
j = Oi
j +
N2
32
δ(k
jαilmn)α¯
mnpqαpqrsTr
(
φkφlφrφs
)
+ higher order
= Oi
j +
N2
128
[
αikmnα¯
mnpqαpqrsTr
(
φjφkφrφs
)
+ αkimnα¯
mnpqαpqrsTr
(
φkφjφrφs
)
+αimklα¯
jmpqαpqrsTr
(
φkφlφrφs
)
+ αmiklα¯
mjpqαpqrsTr
(
φkφlφrφs
)]
+ higher order.
(4.25)
On the other hand, Vij = iQ2Oij − iQ
2
Oij is a descendant of the flavor current and is
therefore orthogonal to all quartic chiral primaries. This is not in conflict with (4.25),
since the descendant of the quartic chiral primary in iQ2Oij may be canceled by a
descendant of Oij . A more detailed investigation of the operator spectrum of this
family of SCFTs is left to future work.
5 Discussion
We have argued that there are large classes of continuous families of three-dimensional
N = 2 superconformal field theories, described by Chern-Simons-matter theories with
appropriate quartic superpotentials. Such SCFTs in the large N limit are expected
to have holographic duals as string theories in AdS4. The best understood example
is the theory of ABJM [10], which is dual to type IIA string theory on AdS4 × CP
3.
However, all current examples of CSM theories with known or conjectured gravity
duals have a parametrically small number of matter flavors (given the gauge group).
As was pointed out in [3], this is because for a large number of flavors M , the number
of chiral primaries will grow exponentially in their dimensions, which is faster than
the growth of KK modes and is characteristic of string modes. For instance, suppose
the superpotential W is a homogeneous polynomial of degree d in M adjoint flavors
Φi, i = 1, · · · ,M . The chiral operators that are descendants of primaries have the
form Tr(fi(Φ)∂iW ), where ∂i stands for the derivatives with respect to Φi. For single
trace operators of length L, the number of such descendants grow withM like ML−d+2,
whereas the total number of chiral operators of length L grow like ML/L at large M .
From the perspective of the AdS4 dual, this is a Hagedorn-like growth of states with
Hagedorn temperature T ∼ (R logM)−1.
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A nice feature of our family of CSM superconformal field theories is that, various
features of SCFTs can be studied in perturbation theory. In particular, we considered
the perturbative corrections to the geometry of the moduli space7 M of N = 2 CSM
SCFTs, given by U(N) Chern-Simons theory coupled to M adjoint chiral matter fields
and quartic superpotentials. At the leading nontrivial (two-loop) order, M is the
symplectic quotient V//U(M) defined by the standard symplectic form on V . This
symplectic form, and hence the moduli space M = V//U(M), is deformed by 4-loop
corrections. We also found a nontrivial 4-loop correction to the Zamolodchikov metric
on M, which is Ka¨hler but is not the same as the induced metric from the symplectic
quotient. We gave a general argument that the metric on M is Ka¨hler. It would be
interesting to put further constraints on the general structure of the quantum corrected
Zamolodchikov metric at finite ’t Hooft coupling, which may guide us toward finding
the stringy AdS dual of such SCFTs.
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A 4-loop corrections to the Yukawa coupling
In this appendix, we will explicitly compute the coefficient c1 in (3.2). The relevant
supergraphs are listed in (3.4). In practice, we find it easier to work with ordinary
Feynman diagrams. In component fields, the potential 4-loop contribution to the 1PI
effective superpotential is written as
c1M
4π2
k2
N4αijmnα¯
mnpqαpqkl
∫
Tr
(
ΦiΦjΦkΦl
)
d2θ
= c1M
4π2
k2
N4αijmnα¯
mnpqαpqkl
[
2Tr
(
F iφjφkφl
)
+ 2Tr
(
φiφjφkF l
)
−2Tr
(
ψiψjφkφl
)
− 2Tr
(
ψiφjφkψl
)
− Tr
(
ψiφjψkφl
)
− Tr
(
φiψjφkψl
)]
(A.1)
Since the various Yukawa coupling terms in the last line of (A.1) are related by super-
symmetry, it is sufficient to compute one of them. Nevertheless, we will also include
7Here the moduli space refers to that of CFTs, not to be confused with the moduli space of vacua
in a given CFT.
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here the computations of the other terms as a cross check. We will then group the
diagrams that contribute to the Yukawa coupling according to the supergraphs (3.4).
We will find that the contributions from the three types of supergraphs sum up to zero.
The supervertices appearing in (3.4) correspond to the following interaction vertices
of component fields
Φi
Φl
Φj
Φk
=⇒
φi
ψl
φj
ψk
φi
ψl
ψj
φk
φi
φl
φj
F k
Φi
Φ¯i
V =⇒
φi
φ¯i
Aµ
φi
φ¯i
D
ψi
ψ¯i
σ
ψi
ψ¯i
Aµ
φi
ψ¯i
χ
ψi
φ¯i
χ¯
where the slashed line stands for the fermion ψi, and the double slashed line stands
for the auxiliary field F i. The wavy lines stand for a component field of the vector
superfield. Next, we will make use of the one-loop corrected propagators for the vector
gauge field and the auxiliary fields D, σ, χ by integrating out the matter fields. They
are of the form
Aµ Aµ = Aµ Aµ + Aµ Aµ
D D χ χ¯ σ σ
After integrating out the auxiliary fields, the loop-corrected auxiliary field propagators
are replaced by a bubble, involving either the scalar, fermion, or both. They will be
denoted by a dashed line or a slashed dashed line.
= or and =
14
Note that if the dashed line connects a pair of fermion lines, the bubble involves scalars,
whereas if the dashed line connects a pair of scalar line, the bubble involves fermions
only.
The relevant Feynman diagrams either involves a matter-loop-corrected auxiliary
field propagator (represented by a dashed or slash-dashed line), or a matter-loop-
corrected gauge field propagator. The former type of diagrams can be easily evaluated
using the graphical rules described in the next section. To illustrate this, let us consider
an example:
=
2
2
2
22
2− d
2
Aff (2, 2)
=
4
2
2− d
4
2
Aff (2, 2)
= Aff (2, 2)Afs(4, 2)
2(−1)×
12− 3d
(A.2)
where Ass, Afs and Aff are coefficients that will be defined in the next section. The
remaining scalar loop gives a standard logarithmic divergence at d = 3,
12− 3d
→
log Λ
2π2
(A.3)
(A.3) is a common factor for all graphs we will encounter, and will thus be omitted in
the following.
The results for the diagrams that involve a matter-loop-corrected auxiliary field are
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listed as follows.
A1 = = −Aff (2, 2)Afs(2, 2)
2 (A.4)
A2 = = −2Afs(2, 2)Afs(2, 4)Ass(2, 2) (A.5)
A3 = =
1
2
Afs(2, 2)Afs(4, 2)Aff(4, 2) (A.6)
A4 = =
1
4
Aff(4, 2)
2Ass(2, 2) (A.7)
B1 = = −Aff (2, 2)Afs(2, 2)Afs(4, 2) (A.8)
B2 = =
1
2
Afs(2, 2)Ass(2, 2)Aff(4, 2) (A.9)
B3 = = −Aff (2, 2)Afs(2, 2)Afs(4, 2) (A.10)
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B4 = = −2Afs(2, 2)
2Afs(2, 4) (A.11)
B5 = =
1
2
Ass(2, 2)Afs(2, 2)Aff(4, 2) (A.12)
B4 = = −Afs(2, 2)Afs(4, 2)Aff(2, 2) (A.13)
C1 = = −Afs(2, 2)
2Aff(2, 2) (A.14)
C2 = = −Afs(2, 2)Ass(2, 2)Aff(2, 2) (A.15)
C3 = = Ass(2, 2)Afs(2, 2)
2 (A.16)
C4 = = Afs(2, 2)
3 (A.17)
Our graphical rules do not apply directly to the diagrams with a loop-corrected
gauge field propagators. However, many of them are zero due to the following simpli-
cation. (1) A Chern-Simons gauge field propagator attached to an external scalar line
(of zero momentum) vanishes,
17
← k
k ց
∝ kµkνǫµνρ = 0 (A.18)
and (2) a Chern-Simons propagator attached to the following purely scalar or purely
fermion loop gives zero.
p→
p+k
← ↓ k
∝
∫
d3p (pµ + kµ) kνǫµνρp
2 = 0 (A.19)
p→
p+k
← ↓ k
∝
∫
d3p (2pµ + kµ) kνǫµνρ
1
p2
= 0 (A.20)
As a result, only six diagrams remain to be computed. We first compute the
common loop-corrected Chern-Simons gauge propagator, and record a integral formula
which will be frequently used in the following calculations.
=
1
32k
(
kµkν
k2
− gµν
)
≡ −
1
32k
P µν ,
∫
d3q
(2π)3
(p+ k)µqν
q2(q + k)4
= −
1
32k
P µν .
(A.21)
Here P µν is a projection operator that satisfies
gµνP
αµP νβ = P αβ, P αβγαγβ = 2. (A.22)
Using (A.21)-(A.22), we have
A5 = =
(
−
2
32
Pαν
)(
−
2
32
Pβµ
)(
−
1
32
P µν
)
γαγβ = −
1
4096
,
(A.23)
=
(
−
1
32
Pαβ
)(
−
1
32
Pρσ
)(
−
1
32
Pµν
)
γαγµγβγργνγσ = 0,
(A.24)
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=(
−
2
32
Pαµ
)(
1
32
Pβρ
)(
−
1
32
P µν
)
γαγβγνγ
ρ = 0, (A.25)
B7 = =
(
−
2
32
Pαµ
)(
−
1
32
P µν
)
γνγαAfs(2, 2) =
1
4096
,
(A.26)
=
(
−
1
32
Pαβ
)(
−
1
32
Pµν
)
γµγβγνγαAfs(2, 2) = 0, (A.27)
C5 = =
(
−
1
32
Pµν
)
γµγνAfs(2, 2)
2 = −
1
4096
. (A.28)
Once again we have omitted the common factor (A.3).
Finally, we need to put in the factors associated with vertices and gauge/flavor
indices. The relevant vertices are listed as follows.
φi
φ¯i
ψj
ψ¯j
=
2π
k
φi
φ¯i
ψ¯j
ψj
= −
2π
k
φi
ψj
ψ¯i
φ¯j
=
4π
k
φi
ψ¯i
φ¯j
ψj
= −
4π
k
(A.29)
φi
φ¯i
Aµ =
√
4π
k
(2pµ + kµ)
ψi
ψ¯i
Aµ =
√
4π
k
γµ (A.30)
φi
ψl
φj
ψk
= −αijkl
φi
ψl
ψj
φk
= −αijkl
φi
φl
φj
F k
= αijkl (A.31)
where the “D-term” vertices in the first row are obtained after integrating out the auxil-
iary fields. Each diagram also comes with a common factor (2pi
k
)2N4M (−αijmn) (−α¯
mnpq) (−αpqkl),
which has been taken into account in (A.1).
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The above results allow us to compute the coefficients of the last four terms in
(A.1). Here we evaluate explicitly the beta function coefficient for the Yukawa coupling
Tr
(
ψiψjφkφl
)
; the other coefficients are computed in a similar manner.
2 = 2A2 (A.32)
2
[
+
]
= 4B3 (A.33)
2
[
+
]
= 4B4 (A.34)
2
[
+ + 2 more
]
= 8C4 (A.35)
The diagrams of type A,B,C correspond to the contributions of the three different
supergraphs in (3.4). Taking into account the signs and factors of 2 coming from the
vertices, we end up with
2c1 = a+ b+ c (A.36)
a = 2A2 × 4×
(
1
2π2
)
=
1
256π2
(A.37)
b = (4B3 + 4B4)× 4× (−1)
(
1
2π2
)
= −
1
128π2
(A.38)
c = 8C4 × 4×
(
1
2π2
)
=
1
256π2
(A.39)
where the factors of 4 come from the relative factor of 2 between the first two vertices
and the last two vertices in (A.29), the minus signs of B3 and B4 are given by the
relative minus sign of the first two vertices in (A.29), and the 1/2π2 comes from (A.3).
B Graphical rules
Now we describe some graphical rules that were used to simplify bubble diagrams in
the previous section. A generalized scalar line and a generalized fermion line with a
label are defined as
a =
1
ka
, a =
i/k
ka
.
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They may be combined according to
a b
=
a + b
a b
=
a + b
a b
= (−1)
a+ b− 2
(B.1)
or in bubbles,
b
a
=
∫
ddq
(2π)d
1
(q2)a/2((q − k)2)b/2
=
1
B
(
a
2
, b
2
) ∫ 1
0
dx
∫
ddq
(2π)d
x
b
2 (1− x)
a
2
−1
[q2 + k2x(1− x)]
a+b
2
≡ Ass(a, b)
a+ b− d
(B.2)
b
a
= i
∫
ddq
(2π)d
/q
(q2)a/2((q − k)2)b/2
=
i
B
(
a
2
, b
2
) ∫ 1
0
dx
∫
ddq
(2π)d
x
b
2
−1(1− x)
a
2
−1/kx
[q2 + k2x(1− x)]
a+b
2
≡ Afs(a, b)
a+ b− d
(B.3)
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ba
= −i2
∫
ddq
(2π)d
Tr[/q(/q − /k)]
(q2)a/2((q − k)2)b/2
=
i
B
(
a
2
, b
2
) ∫ 1
0
dx
∫
ddq
(2π)d
2x
b
2
−1(1− x)
a
2
−1 [q2 − k2x(1 − x)]
[q2 + k2x(1 − x)]
a+b
2
≡ Aff (a, b)
a+ b− 2− d
(B.4)
where the coefficients Ass, Afs, Aff are given by
Ass(a, b) =
(4π)−
d
2Γ
(
d−a
2
)
Γ
(
d−b
2
)
Γ
(
a+b−d
2
)
Γ
(
a
2
)
Γ
(
b
2
)
Γ
(
d− a+b
2
) ,
Afs(a, b) =
(4π)−
d
2Γ
(
d−a
2
+ 1
)
Γ
(
d−b
2
)
Γ
(
a+b−d
2
)
Γ
(
a
2
)
Γ
(
b
2
)
Γ
(
d− a+b
2
+ 1
) ,
Aff(a, b) =
(4π)−
d
2Γ
(
d−a
2
+ 1
)
Γ
(
d−b
2
+ 1
)
Γ
(
a+b−d
2
− 1
)
Γ
(
a
2
)
Γ
(
b
2
)
Γ
(
d− a+b
2
+ 1
) .
(B.5)
In the last rule (B.4), we have assumed a fermion loop, thus traced over the spinor
indices and added an overall minus sign. In general, when applying the graphical rules
repeatedly, we may also encounter “untraced” structure like
−→ (B.6)
in which case we need an extra factor −1
2
to “undo the trace”.
C The 4-loop correction to the fixed point locus
In this setion we calculate the coefficient a1 in (4.6). The wave function renormalization
that contributes to the second term on the RHS of (4.6) is evaluated by the supergraph
(C.1)
22
or in component fields, the sum of two graphs
W1 = = Ass(2, 2)Aff(2, 2)
2Ass(2, 8− 3d)p
4d−10,
W2 = = −Afs(2, 2)
3Aff(10− 3d, 2)p
4d−10.
(C.2)
The total contribution is given by
W1 + 8W2 = −
1
4096π2(d− 3)
p2. (C.3)
Since we have normalized the coefficient of the quadratic term in the moment map
to be unity, to obtain the normalized coefficient a1 we need to divide by the two-loop
wave function renormalizaiton, from the diagram
W3 = = Aff(2, 2)Ass(2− d, 2)p
2d−4. (C.4)
Taking into account the combinatorical factor, the two-loop wave function renormal-
ization is given by
3W3 =
1
32π2(d− 3)
p2. (C.5)
Thus we find the result
a1 =
W1 + 8W2
3W3
= −
1
128
. (C.6)
D The 2-loop contribution to the two-point func-
tion of chiral primaries
Now, we calculate the coefficients a2 and a3 in the next-to-leading correction to the
Zamolodchikov metric. In fact the term proportional to a3 does not appear in the
metric on M, since it does not involve the two-point function of the chiral primaries.
Rather, a3 will be a logarithmically divergent coefficient related to the anomalous
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dimension of the non-primary chiral quartic operators. We include its computation
here for completeness. The relevant supergraphs are
In above diagrams it is understood that chiral operators of the form Tr
(
φiφjφkφl
)
are
inserted on the left and right. In component fields, we have two contributions
Z1 = = Aff(2, 2)Ass(2, 2)
2Ass(2, 10− 3d)Ass(2, 12− 4d)p
5d−14
=
p
16384π2
,
Z2 = = −Ass(2, 2)
2Ass(4− d, 2)
2Ass(12− 4d, 2)p
5d−14
= −
p
4096π4(d− 3)
+ finite terms.
(D.1)
Comparing with (4.9), we need to normalize the above contributions by the tree level
two-point function,
Z3 = = Ass(2, 2)
2Ass(4− d, 4− d)p
3d−8 = −
p
256π2
. (D.2)
Finally, taking into account combinatorical factors, we obtain the result
a2 =
4Z1
Z3
= −
1
16
,
a3 =
4Z2
Z3
=
1
4π2(d− 3)
+ finite terms.
(D.3)
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